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3D Burgers equation

Let T3 = R3 /2773 be the 3-dimensional torus, 3D BE refers to the following equation:

du(t) — Au(t)dt + (u- Vu)(t)dt =0, on [0, T] x T3,
u(0,x) =ug, x=(x1,x,x3) € T3.

Known results:

@ Kiselev and Ladyzhenskaya (1957, [5]) : global well-posedness for 3D BE in
L>=([0, T]; L>2(0)) N L*([0, TT; Hg (O)).

@ Robinson, Rodrigo, and Sadowski (2016, [7]): the global well-posedness of weak solution
in H/2(T3) of 3D deterministic BE, but the global well-posedness in L?(T2) is unknown .
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stochastic 3D Burgers equation

Let T3 = R3/27rZ3 be the 3-dimensional torus, consider stochastic 3D BE,

du(t) — Au(t)dt + (u - Vu)(t)dt = u(t) o bdB(t) + dw(t), on [0, T] x T3, 1
{ u(0,x) = ug, x=(x1,x2,x3) € T3. (1)

where: B(t) is 1-dim BM; b € R; w(t) = 3"y c73 Mk exp(ix - k)B(t), Bi(t) is 3-dim BM.

Known results :

@ Brzezniak, Goldys, Neklyudov (2014, [1]) : the global existence and uniqueness of mild
solutions in LP(T3) and LP(R3), p > 3, for the stochastic 3D BE with additive noise.

@ Dong, Guo, Wu, Zhou (2023, [3, 4]) : the global well-posedness and ergodicity of weak
solutions in H? (T3) for the stochastic 3D BE with linear multiplicative noise.

Our aim : Global well-posedness of stochastic 3D BE (1) in L2(T3).

Our answer : (1) is solved with ug € L?(T®) replaced with u§ € L?(T%)a.s., dw replaced with F.
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The model and assumptions

That is, we consider

du(t) — Au(t)dt + (u- Vu)(t)dt = F(t)dt + u(t) o bdB(t), on [0, T] x T3, 5
{ u(0,x) = uy € L2(T%), x = (x1,x,x3) € T3 ©)

where ug = 3, 73 n(w)lip k exp(ik - x), ug = 3", 73 o k exp(ik - x).

Note that u§ has the same regularity of ug € L2(T%). That is, u§ € L2(T3), a.s., but not
ug € HC (T%), for some o > 0 with positive probability.

Assumptions:

1 Let {n(w)}xezs be a sequence of independent, 0 mean value, complex random
variables on (2, F,P) such that for each k, and some positive constant C

sup E(|n(w)®) < C  and R = r_y, k€ Z3.
kez3

2 The external force F : [0, T] x T3 — R3 € L2([0, T]; HY(T3)).
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Main results: Global well-posedness of (2)

Theorem. (Global well-posedness of stochastic 3D BE )

Let ug € L%(T?) and u$ be independent of (B(t))tefo,7]- Under the assumptions, there 3! u to
(2), i.e., u € L=([0, T]; L2(T3)) nLA([0, T]; L8(T2)) N 1L2([0, T]; HY3(T2)) and satisfies :

(u(e). ) = (w51}~ [ *(Au(s), Amy— / (T / (F(s), m)ds+ / *(n, u(s)odB(s)),

on [0, T], where 7 € D(A?). Moreover, the backward uniqueness also holds for u.

F = dw,w(t) :== (Z)\j exp(ix1 -j)éjl(t), Z A exp(ixa - k)B2(t), Z Ak exp(ix - k)éf(t))

JEN keN kez3

Under assumption > .73 |Ak|?[k|® < oo, we have

Theorem. (Global well-posedness of stochastic 3D BE with F = dw)
3l uto (2), i.e., u € Lo([0, T]; L2(T3)) N L4([0, T]; L8(T3)) N L2([0, T]; HY3(T?)) and satisfies

(o(e) 1) = ()~ [ (Au(s), Am) — / (- V)u)(s), myds + / ", u(s) o dB(s)) + (w(z), ),

on [0, T], where € D(A?). Moreover, the backward uniqueness also holds for u.
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A brief description of the route to solving (2)

Let a(t) = exp(bB(t)),t > 0, and set
t
20 = 20(t) = 2o(t,X) = / =924 1(5)F(s)ds, (t,x) € [0, T] x T, T > 0.
0

Let u = oW + azo. Then the stochastic 3D Burgers equation (2) with random initial
value ug’ can be transformed into the following random case:

Deu(t) — AU(t) + at)(V + 20) - V(¥ + 20)(t) = 0, on (0, T] x T°, (3)
¥(0) = ug € L*(T).

For solving (3), we decompose it into a nonlinear partial differential equation with zero

initial data (4) v(t) := ¥(t) — e*'u§ and a linear part e“‘uy.
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A brief description of the route to solving (2)-Continued

dev(t) — Av(t) + at)(v+2) - V(v +2)(t,x) = 0, on [0, T] x T?, (4)
v(0) =0,
where z := z(t) := z(t,u§) = zo(t) + e*'u§ satisfies
dz(t) — Az(t)dt = o *dw(t), on [0, T] x T3,
2(0) = ug € L*(T?).
From Proposition 1, the randomization ug of the initial data up can improve the

integrability of z . Consequently, it contributes to the existence of the local solution
(v, To,) of (4). Observing the solution v of (3) satisfies:

U(t) = v(t) + euf, t € 0, T,

the local well-posedness of (3) is obtained. In view of the parabolic structure of (3), we
further know
W(T.) € HX(T?), as..
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A brief description of the route to solving (2)-Continued

The next question is extending the local solution (¥, T,) to being a global one. A
natural approach is to use the maximum principle. However, the maximum principle can
not be directly applied to random 3D Burgers equation (3). Hence, we introduce a
regularization system (5) which has global well-posedness.
eV (£, %) = Avy (£, )+ (t) (Vo +207) - V(v +247,)(t,x) = 0, [0, T] x T(5)
ver(0,x) = (Tw) € HA(T?), x = (x1,x,x3) € T,

where o and z{’, are smooth with respect to (t,x) € [0, T] x T® so that the
maximum principle is available for (5). By establishing

v,7 = ¥ uniformly on [T, ¢) X T3, as n, m — oo,

where £ is the maximum existence time of V, we achieve the global well-posedness of
(3), which leads to the global well-posedness of (2).
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A brief description of the route to solving

local existence local well—posedness local well—posedness global well—posedness
(4) = (5 = () = ()
difference equation random 3D BE regularization—(3) regularization—(3)
global well—posedness global well—posedness
= () = [
random 3D BE stochastic 3D BE
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Notations and setup

> For 1 < p < oo, LP(T?) is the Lebesgue space L°(T%; R?®) with the norm | - |,.
Whenp = 2, (-, ) represents the inner product in L?(T?). For s > 0, we introduce
an operator A° acting on H*(T?) which is a Sobolev space H*(T?; R?).

> Assuming f € H¥(T?) with the Fourier series and norm

A ikex s SN 1/2
Flx) = 3 e e B(T), [Ifllse = ( Do+ KP)RP) T < oo,

kezZ? kez3

» Define o
Asf(X) _ Z |k‘sﬂ(elk-x e Lz(T3)
kez3

2, then the Sobolev

Obviously, A> = —A. Denote by || - ||s the seminorm |A® -
norm || - ||gs of H*(T?) is equivalent to | - |2 + || - ||s.
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ocal weak/mild solutions to equation (4))

@ (v, Tw) is a local weak pathwise solution to (4) if there exists a positive random variable
T., such that for almost all w € Q, v € L°°([0, Tw];H%(T3)) n1L2([o, Tw];H%(Te')) with
% € L([o, Tw];H_%(']lﬁ)) and for almost every t € [0, T,,] and for all € ]HI%(TIG)7

<8tv,n> + </\%v,/\%n> + a<(v +2z)-V(v+ z),r]> =0,

and

l = kly in the L?(T%), a.s..
t_|>r51+v(t) 0, weakly in the L°(T>), a.s

@ (v, Tw) is a local mild pathwise solution to (4) if there exists a positive random variable
T. such that for almost all w € 2, v € L°°(]0, Tw];H%(’HG)) n1L2([o, Tw];H%(’HG)) and
for t € [0, Ty]

v(t) = / a~l(s)elt=)A ((v +2z)-V(v+ z)) (s)ds.

t
0
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© Local well-posedness of random 3D BE (5)
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Regularity of stochastic heat flow

For T € (0,1] and p > 1

1 1

llz(t, g ) lILs e (o, s (3))) < clluollia(rsy T4 + ¢T3,
w ~ / 1
HVz(t, UO )HLG(Q;LZ([O,T];L3(T3))) S CHU()J( 1-— exp(f2|k|2T)H/2 =+ C—r27

where c is independent of T. Consequently,
6 1 1 1 N 6
P(Sx, 7o) < €A~ (Iluolliaqray T# + T% + T2 + [[o,ey/1 — exp(-22T) )

where both \ and c are independent of T, and

Sx, T = {w € Q¢ [|2(t,ug")[L4 (0, s (rey) + IV2(E, gLz (o, 73 (m3)) = A}
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Local mild solutions to Difference equation (4)

Theorem.

Let uy € L2(T3), a.s.. Then for almost all w € Q there exists a unique local mild solution

(v, Tw,) to (4). More precisely, there exists C > 0, for arbitrary T € (0, 1] and event Q1 € F
such that

6
P(@2r) 2 1= C(luolliegrs) T# + T# + T2 + [|fo,y/1 — exp(—2lk2T)| ),

and for every w € Q 7, there exits a unique local mild solution (v, T) to (4) belongs to
C([o, T1; H2 (1)) N L2([o, T]; HZ (T%)).
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Sketch proof

Proof.We will use contraction principle to prove the theorem. So, we define a map
t
Liv(t,x) o — / =92 (a1 (s)(v(s, %) + 2(s,u8)) - V(v(s,x) + 2(s, u§)))ds.
0

where v € X := L°°([0, T]; 2 (T3)) N L2([0, T]; 2 (T3)) with the norm

fllx =|If \%i
191 = 1o raed ey 17y ooy

Forw € 8 7, and T € (0,1], we have

llz(t, ug)lLe (o, i:Lo 3y + 1VZ(t,ug" ) L2 (o, TyL3(r3)) < A-

For constants p and g satisfying % + % =3 with g € (%, 2], we have

(t—s)A <
H / e (s x)d HW (o133 oy, md oy = SN lLoo mizacrys

where the constant c is independent of T.
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Sketch proof—Continued

For v1, vz € Lo°([0, T]; H2 (T3)) N L2([0, T]; H3 (T3)), we have
[L(vi)lIx < (A + [Ivl%),
and
[IL(v1) — L(v2)|lx < cllvi — val[x (A + [[villx + [[valx),

where c is independent of X and T. Then on X, := {f € X : ||f|[x < 2c\?}, there exists A
satisfying

cA? 4 ¢(2cX?)? < 2¢X? and e + 2¢(2e)?) <

MW

which implies L satisfies the contraction principle on X). Hence, the local existence of mild
solution v follows. Note that
P(S$ )11, as n? oo,

1
A, 55U

the result is proven.
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Local weak solutions to difference equation (4) and
random 3D BE (3)

Lemma. (Local weak solutions to difference equation (4))

The existence of local mild solutions and local weak solutions to (4) are equivalent.

Note that v = v + eAtuo“’, where v is a local weak solution to (4). Since

v € L([0, T H2 (T%)) N L2([0, Tw]; H3 (T%))
and e®tuy € L°°([0, T, ]; L2(T3)) N LA([0, Tw]; L(T3)) NIL2([0, To,]; HY3(T3)),
W t
o U € L>°([0, To]; L2(T?)) N L*([0, To,]; LO(T*)) N L2([0, To,]; H3(T?))
and

Theorem. (Local weak solutions to random 3D Burgers equation (3))

For up € IL?(T3), then there exists a unique local weak solution (¥, T.,) to (3) a.s..

G.L. Zhou (Chongging University)
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© Global well-posedness of random 3D BE (5)
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Steps to establish the global well-posedness of random 3D

BE in L2(T3)

Step 1: Establishing a regularization system (7) of random 3D Burgers equation and obtaining its
local existence of classical solutions .

Step 2: Applying the maximum principle to the regularization system (7) to obtain the a priori
estimates, which implies the global existence of the classical solutions.

Step 3: Proving the solutions to (7) converge to (3) uniformly to establish the global existence and
uniqueness of the weak solutions to (3) in L2(T3).
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Step 1: Local well-posedness of regularization system (7)

Project F(t) to Fn(t),me N

Fm(t) = kEZSZ‘E‘SmIA:k(t) exp(ix-k), Iek(t):ﬁ /T3 exp(ix - k)F(t,x)dx. (t,x) € [0, T]xTS.

Denote by B the mollification of B, then a®n(t) := exp (B¢(t)) € C°°([0, T]; R). Similarly,
define F;7. Let

t
(60 = [ el am) T (o)F (o)

Obviously, z5" € C°°([0, T] x T%;R3). By technique of harmonic analysis we have

t (t—s)A . . .
H Ji eI (s, X)dsHLOC([O,T];H2(T3)) < clifllLa (o, Tyset (73y), Which implies n, m — oo, we have

257, — Zolp.o0 (o, Tp:m2(r3)) — Os | (t) — a(t)|Los (o, 77) — O. (6)
To prove the global existence of ¥, we need to introduce a regularization system (7):

Oevin (t, %) — Avpr (t,x)+a (t)(vir +2zq7,) - V(vir +z§:’m)(t, x)=0, on [0, T] x T3, (7)

ver(0,x) =vp, x = (x1,x,x3) € T3
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Step 1: Local well-posedness of regularization system (7)

Proposition. (Local strong solutions of regularization system (7))

For vo € H2(T3), there exists a unique strong solution (v§?, To'°) to (7) such that
v € C([o, TSI, H3(T3)) N LA([0, TS H3(T3)).

Let (viy,£€7) be the maximum strong solution to (7). By establishing the uniform a priori
estimates for the Faedo-Galerkin approximation (v )y: for any 0 < T < T2 < s,

€n €
SLI:IP IC )N”]Hll([Ti,",Ti"];H“) < 00,and SLI:IP ”(V")NHHZ([TL},‘g,Ti"];HQ) < 00,a.s.,

Proposition. (Local classical solutions to regularization system (7))

For vo € H?(T3), the maximum strong solution (v§, &) to (7) is classical on (0,£¢), i.e.,
v € C%2((0,&5) x T3; R3) N CHO((0, &) x T3; R3).
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Step 2: Global well-posedness of regularization system (7)

Proposition. (Global existence of solutions to system (7))
The maximum solution (v&7, £%") with v € H?(T?) satisfies the a priori estimates

sup  sup Vi (t)|peo(rsy < C(||V0HH-H2(’]1‘3)7|O‘71|1L°°([O,T])7‘F|]L2([O,T];H1(T3))) < 00,
n,meN te[0,£€n AT)

which implies the strong solution v is global.

Proof.
The global existence proof of v;7 based on the a priori estimates.

1
§5t|\\'fn”||§+\|v;"|\§ < Vi 20l (19 Vi + 20 1]V [|2-

By the Gronwall inequality,

t
sup sup (i (OlIE+ [ IIvii(s)I3ds)
n,meN te[0,£¢€n AT) 0

< C(lIvollazersy, la™ oo o,y IFlizqo, s ray)) := C(vo, F, cx)
Similarly, one can prove

sup sup |V (t)]I3 < C(vo,F,a) < 0o. = £ = 00, a.s..
n,meN te[0,£¢n AT)
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Step 3: Global well-posedness of random 3D BE (5)

Proposition. (Global well-posedness of random 3D BE (3))

Let u§ € L?(T?) . Then, the maximum weak solution (¥, £) to (3) is global.

Proof. Consider random 3D BE (3) and regularization system (7) on [T.,¢) with
vir(T,) = W(T,) € H?(T?). Define ws? = vir — @. Then, on [T, ), we have

Oewry — Awp +[a” —a(vir +25") - V(vi + 2))
+  alwy + (2)m — 20)] - V(viy 4 207) + (¥ + 20) - Vi + (207, — 20)] = 0.
By showing that

sup [|wy (t)|3/e<ooy — 0, asm, m — oo, as..

telTw,

we get

sup  [V(t)|peo(r3ylig<ooy < C(w) < 00, as.. = =00, as.
te[Ty,8)
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Backward uniqueness of the solutions to random 3D BE

Theorem. (Backward uniqueness of random 3D BE)

Suppose ¥ and 2 are two weak solutions to (3) with random initial conditions uy’ € L2(T?)
and uy € L?(T3) respectively. Then for T > 0,

if $1(T) =W?(T), we have ¥!(t) = ¥?(t) for t € [0, T], ass.. (8)

1

Proof. Let #' and #? be two solutions to (3). Denote by v := ¥ — #, then we get

log v (T)2 > —2K (T — to) — 2C ( K+1)/ M) gt 12y d + log Iv (10)13,
where|[M(s)[[7 g1 12y = [[7()[22 + [[F2()I|22 + llzo(s) 12, Iflv (T)|3 = 0, then |v(t)[5 =0

for arbitrary to € (0, T). And v(0) = 0 is derived from the weak continuity of the weak solutions
to (3). |
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Many thanks for attention!
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